In this paper, we investigate a possibility to cause supersymmetry breaking with background modulus fields in product-group gauge theories. The vacuum expectation values of these moduli are found to satisfy several relations and the moduli dependences of the action are fixed by consistency of the model. With this action, we calculate the mass spectrum of vector and matter multiplets up to one-loop order of perturbation theory. As an application of the result, it is found that various properties of higher-dimensional supersymmetry breaking are well captured in corresponding limits in the moduli space. In particular, we have finite radiative corrections to Higgs masses in the case that is closely related to the boundary condition breaking of supersymmetry.
Introduction
Motivated by the gauge hierarchy problem, physics with extra dimensions has provided new insights on various aspects of particle physics, cosmology and astrophysics [1, 2] . There however seems to be some difficulty to discuss the issues in the ultraviolet regime since higherdimensional theories are generally non-renormalizable in the usual sense. Recently, a fourdimensional framework describing physics of higher-dimensional theories has been proposed in [3, 4] . The framework consists of a gauge theory of product group and scalar fields in the bi-fundamental representations of the nearest-neighbor gauge groups. If one assumes that the bi-fundamental scalars develop vacuum expectation values (VEVs), the gauge groups are broken to a simple diagonal subgroup. It has been shown that with a sufficiently large number of gauge groups, the mass spectrum of gauge fields is equivalent in an intermediate energy regime to Kaluza-Klein (KK) mass spectrum of a five-dimensional gauge theory. This approach is providing new tools for four-dimensional model building and moreover for understanding unexplored properties of higher-dimensional theories. In fact, various applications along this line has been discussed in the literature [5] .
In Ref. [6] , we have studied a model with supersymmetry (SUSY) breaking induced by modulus fields which are naturally incorporated into the above framework. The modulus fields are found to satisfy some relations and have non-trivial dependences of the action, if one wants to obtain a description of higher-dimensional effects. We have identified the modulus form of the action and verified it for a five-dimensional vector multiplet by explicitly calculating tree-level mass spectrum of gaugino and associated adjoint scalar. Various types of SUSYbreaking mass spectra predicted in higher-dimensional models appear as corresponding limits in the parameter space of the modulus F terms.
In this paper, as an extension of the previous results, we formulate a four-dimensional model with general matter multiplets and evaluate one-loop radiative corrections to mass spectrum. We first fix the modulus couplings to matter multiplets as well as to vector ones, and then calculate radiative corrections to gaugino and scalar soft masses in detail. It will be found that the above-mentioned resemblances to the existing higher-dimensional models still hold even at quantum level. In addition, we study the ultraviolet behavior of the radiative corrections and find in some case the corrections to Higgs masses to be finite. Such a case is explicitly shown to be closely related to the boundary condition breaking of supersymmetry.
The paper is organized as follows. In Section 2, we first review the action for vector multiplets and the resulting tree-level mass spectrum of gauginos and adjoint scalars. We also fix the modulus couplings to matter multiplets and calculate the (SUSY-breaking) masses at classical level. With the complete action at hand, radiative corrections to the masses of vector and matter multiplets are studied in detail in Section 3. Section 4 gives some arguments about the finiteness property of loop corrections found in Section 3. There we will particularly pay attention to some relation between the finite corrections and the boundary condition breaking of supersymmetry. Section 5 is devoted to the summary of the paper.
Classical action 2.1 Vector multiplets
The model we consider is a four-dimensional SUSY gauge theory with the gauge groups G 1 × G 2 × · · · × G N . We simply assume all the gauge couplings g i to have the universal value g. The four-dimensional N = 1 vector multiplet V i of the G i gauge theory contains a gauge field A i µ and a gaugino λ i . In addition, we have the N = 1 matter multiplets Q i ( i = 1, · · · , N) in the bi-fundamental representation, that is, Q i transforms as ( , ) under the (G i , G i+1 ) gauge groups. (G N +1 is identified to G 1 .) The field content of the model is then summarized below: 
The gauge-invariant Lagrangian for vector multiplets and Q i 's is written as 2) where W α i is the field strength superfield of the G i gauge group, and S is a dilaton-like background superfield whose scalar component determines a value of g [see Eq. (2.6)]. In fact, one may introduce a dilaton field for each gauge theory G i . We now take the universal value of gauge couplings and use S as a representative of such dilaton fields. The normalization function K Q (S, S † ) of the matter field Q i is found [6] K Q (S, S † ) = 8 1/S + 1/S † , (2.3) which can be fixed by several classical-level consistencies as will be discussed at the end of this section. Moreover, this form of K Q will be found in the next section to be also important for loop-level consistency of the model. If one considers the case that Q i 's have VEVs proportional to the unit matrix, Q i = v, * the gauge symmetries are broken down to its diagonal subgroup G. With this symmetry breaking, the mass eigenvalues and eigenstates of the gauge fields are given by
where ω n = e 2πin/N . We thus find the KK tower of massive gauge fields as well as a massless one which belongs to the unbroken subgroup G. It is interesting to note that the spectrum matches to that of a five-dimensional gauge theory with a compact extra dimensions [3, 4] . That is, in the large N limit with v/N fixed, the gauge boson masses approximately become 5) where the compactification radius R is identified as 2πR = N/v. With this identification, v is interpreted as an ultraviolet cutoff of the effective four-dimensional theory, and N is the number of KK modes which exist between the cutoff and compactification scales.
In the absence of SUSY breaking, the gauginos and the associated adjoint scalars, which are linear combinations of the original fields λ i and Q i , have degenerate mass spectrum with that of the gauge bosons (2.4) . Before examining SUSY-breaking mass splitting, it may be instructive to recall the modulus fields in our model and their mutual relations. In addition to S introduced above, there is a modulus Q which determines the size of the universal VEV v. The modulus Q may be a normalized composite field or a linear combination of Q i 's. Throughout this paper, we assume just for simplicity that the moduli forms of S i and Q i are invariant under the "translation" transverse to the four dimensions, that is, they are i-independent. The forms of VEVs of these moduli are then defined as
Furthermore, it will turn out to be useful to define the additional background modulus fields with the following VEVs
where g 4 and g 5 are the effective gauge coupling constants in four and five dimensions, respectively. It is important to notice that all these modulus fields are not independent variables. By comparing the Kaluza-Klein theory with the low-energy description of the model below the cutoff v, one finds the following matching conditions between the parameters [3, 4] :
The first condition in (2.8) was already adopted in (2.5), which was required to match the spectrum to that of KK theory. The second condition is regarded as a volume suppression of bulk gauge coupling in compactifying an extra dimension. In addition to these, the normalization of gauge kinetic terms provides a relation between g 4 and g 5 , irrespectively of how to define a five-dimensional model,
These three relations among the couplings suggest the following relations among the modulus fields:
We thus find that the modulus fields S 4 , S 5 and T are expressed in terms of two moduli S and Q. As a result, the two-dimensional parameter space of the F -components of S and Q describes SUSY-breaking patterns in our model. In Ref. [6] , we clarified that several limits in this parameter space describe bulk SUSY-breaking patterns which have been discussed in the literature. ‡ In Table 1 , the typical cases are presented for the dilaton/moduli dominated SUSY-breaking [10] and for SUSY breaking by the radius modulus F term [11, 12] . The specification of each limit is also given in the table. For example, the dilaton dominance scenario is defined by F T = 0, which is in turn translated to the limit F Q = 0 in our model [see Eq. (2.10) ]. In the following, we will study the SUSY-breaking effects from these modulus Table 1 : The modulus F -terms of the typical SUSY-breaking scenarios.
fields and examine sparticle spectrum of the model. If one introduces suitable potential terms for the modulus fields, their VEVs are fixed to some point in the parameter space. For example, since S is a dilaton for each gauge group, stabilization mechanisms proposed in the literature could be incorporated in the present model. The situation is similar for the modulus Q. Moreover in properly describing five-dimensional theory, Q is assumed to be stabilized by relevant potential terms [3, 9] . However details of potential form are not relevant to the present analysis. Without referring to specific models, we explore the whole parameter space of the modulus F -terms and then examine several limits corresponding to bulk SUSY-breaking patterns. Moreover we do not try to construct specific dynamics for the modulus fields where potential couplings are tuned for realizing the fifth dimension. Our aim here is not to present five-dimensional theories. It is only the relevant region of moduli space where our model reproduces bulk SUSY-breaking scenarios. In other words, the present framework contains unexplored four-dimensional phenomena of SUSY breaking. † The 1PI and holomorphic gauge couplings differ only at higher-loop level in perturbation theory.
‡ Supersymmetry breaking that is local in the higher-dimensional bulk was studied within four-dimensional product-group gauge theories [9] . Now the SUSY-breaking mass spectrum can be derived from the Lagrangian (2.2) with turning on the modulus F terms. The result is written by use of the above-defined moduli and their relations; 12) where m λ n± and m cn are the KK masses of gauge fermions and adjoint scalars. The bracket denotes a VEV of the lowest scalar component. The positive (negative) sign in m λ n± corresponds to the gaugino (the goldstone fermion) masses in the supersymmetric limit. Note that the results are expressed by five-dimensional quantities only. In particular, it is found the zero-mode gaugino mass is given by both the radius modulus and the five-dimensional dilaton. This result is expected from the equation (2.9) which implies S 4 depends both on T and S 5 (T S 4 = 2πS 5 ).
We here explicitly show the several limits in order. As mentioned before, the dilatondominated SUSY breaking is characterized by the condition F T = 0. In this limit, we find
The gaugino mass spectrum is indeed the one expected in supergravity models. All the KK states including the zero mode receive the universal SUSY-breaking contribution from the modulus S, the two level-n spinors are degenerate in mass, and the mass splitting between bosons and fermions are equal for all KK modes. These results may be understood from the fact that the dilaton field commonly couples to any field in the theory. On the other hand, the limit of the moduli-dominated SUSY breaking is defined by F S 4 = 0 and then leads to
[moduli] (2.14) It is interesting to note that even when the SUSY-breaking effect is turned on, the zero-mode gaugino remains massless. § This is exactly the tree-level spectrum predicted in this class of SUSY-breaking models [10, 13] . Since F S4 = 0 by definition, the zero-mode gaugino mass is vanishing and is shifted at loop level by string threshold corrections or effects of bulk fields. The situation is also similar to the model where vector multiplets behave as messengers of SUSY breaking and sparticle soft masses are calculated from the wave function renormalization in four dimensions [14] . There may be an intuitive explanation for the above type of spectrum. That is, a nonzero F term of the modulus which determines KK masses does not induce tree-level SUSY-breaking masses for zero modes. This is because these two mass terms are § The level n = 0 spinor being affected by the non-zero F -terms is the goldstone fermion associated to gauge symmetry breaking.
proportional to KK numbers. In our case, such a modulus corresponds to the one whose scalar component obtains a VEV ∝ 1/R and is given by Q ∝ T .
The last example F S 5 = 0 realizes the SUSY breaking with the radius modulus field. The sparticle mass spectrum in this limit becomes
[radion] (2.15) The gaugino mass matches to that calculated in [12] . The vanishing SUSY-breaking masses of the adjoint scalars agree with the fact that this limit is equivalent to the Scherk-Schwarz mechanism [15] , which is now applied to the SU(2) R symmetry under which the adjoint scalar is singlet and does not get a symmetry breaking mass.
Before closing this subsection, we comment on the normalization function K Q (S, S † ). The form of K Q (2.3) is determined so that it satisfies several nontrivial requirements. First, the holomorphy requires the normalization of Q i to be K Q = 1/g 2 , which leads to the same normalization for the vector and adjoint chiral multiplets of the low-energy G gauge theory. Moreover, the radius superfield in our model becomes independent of the dilaton superfield [see (2.10) ]. It seems plausible since an undesirable relation between the theta angle and the graviphoton field does not arise. Another consistency is about the 5-5 component of fivedimensional metric g 55 . In a continuum five-dimensional theory, the kinetic terms of bosonic fields along the fifth dimension have a dependence of g 55 as √ g 55 g 55 ∝ 1/R. In the present model, the second term in the Lagrangian (2.2) becomes the kinetic energy in the continuum limit and its modulus dependence is given by
Consequently, the metric dependence agrees for a fixed value of the five-dimensional coupling g 5 .
Matter multiplets
Next let us discuss matter multiplets, which are regarded as hypermultiplets if one takes the five-dimensional limit. As in the case of vector multiplets, we will determine the proper form of moduli dependences of the matter action and then examine SUSY-breaking mass spectrum at tree level. One-loop corrections to the masses of scalar components in these matter multiplets will be studied in Section 3.
In addition to the fields in the previous subsection, we introduce a set of vector-like chiral multiplets Φ i andΦ i for each gauge group G i :
The gauge-invariant Lagrangian for the matter sector can be described by 17) where Φ N +1 (Φ N +1 ) is identified to Φ 1 (Φ 1 ). We have assumed the coupling constants are universal, for a simplicity. The background chiral superfields Y and Z in the superpotential are the modulus fields providing Yukawa and mass parameters. As will be seen below, these fields are expressed in terms of the moduli S and Q. Similar to the vector multiplet case, it is a non-trivial problem to fix the moduli dependence of the normalization function K h (S, S † ). That issue will be discussed later.
Superpotential
First we study the moduli dependence of the superpotential terms. It is convenient to rescale the matter multiplets as (Φ,Φ) → K h − 1 2 (Φ,Φ) so that the kinetic terms are canonical. In the rescaled basis, the superpotential contribution to supersymmetric mass terms reads
It is easily found that the relation Y = √ 2 K h must be satisfied if one requires the matter spectrum to be equivalent to that of vector multiplet (i.e. that of KK theory in the fivedimensional limit). This implies the moduli form
Given this relation, diagonalizing the supersymmetric mass term leads to 20) where the supersymmetric eigenstates Φ n and Φ n (m, n = 0, · · · , N − 1) are defined similar to those of vector fields (2.4). The irrelevant phase factors have been absorbed with field redefinitions so that the mass eigenvalues are real. In the absence of nonzero F -terms, the mass eigenstates take the same form as the gauge fields. The first term in the right-handed side of (2.20) corresponds to the KK masses and the second one to a bare mass parameter of matter multiplet. When the bare mass m is defined as Z / K h + v = m/R, the modulus Z should take the form
Now the moduli dependences of the superpotential part are fully determined, their contribution to SUSY-breaking masses can be analyzed. From (2.17) , (2.19) and (2.21), we find the mass eigenvalues of spinor components
The scalar soft mass terms from the superpotential are written as
where φ andφ are the scalar components of Φ andΦ, respectively. This is the holomorphic mixing mass term of φ andφ. In the rescaled basis, the mixing masses depend on the Kähler factor K h but they should be cancelled away if one includes full contribution of modulus fields as will be seen below.
Kähler potential
Scalar masses also come from the Kähler potential since it has the moduli dependence and so non-canonical. The masses of the spinor components (2.22) does not get changed by the Kähler terms. For the rescaled fields defined above, we read off the Lagrangian (2.17),
Integrating out the matter auxiliary components F φ i and Fφ i and moving to the supersymmetric mass basis, we have
Combining this with the superpotential contribution to scalar masses (2.23) and noting that
we finally obtain the scalar mass matrix for matter multiplets
Thus the tree-level mass eigenvalues are given by
One can see in this formula that the effect of the modulus S is controlled by the factor Γ, which is a function of the normalization constant in the matter Kähler term, while the F T part does not depend on the Kähler normalization. The factor Γ becomes, for example, Γ = b/4 for the Kähler form
where b is a constant and X is an arbitrary function. We will find that b = 1 and X = constant are the appropriate form if one wanted to describe five-dimensional theory. This choice is supported by examining tree-level spectrum and radiative corrections, which will be discussed in the following sections. Such Kähler function indeed satisfies the following nontrivial consistencies that (i) the mass spectrum of matter scalars including SUSY-breaking effects coincides with that of gauginos, (ii) the cutoff dependences of radiative corrections become consistent with known results, and (iii) the moduli dependence of the action has the proper form similar to the argument given at the end of Section 2.1.
Various limits
We have determined all the moduli dependences of the action except for K h and presented the superparticle spectrum for vector and matter multiplets in four-dimensions: (2.4), (2.11), (2.12), (2.22) , and (2.28). It has been shown for the gaugino mass that several limits of the F terms suggest the five-dimensional properties of SUSY breaking. Let us examine scalar mass spectrum for the typical cases presented in Table 1 . The first is the dilaton dominance limit defined by F T = 0. It is found from (2.28) the scalar mass eigenvalues in this limit become
[dilaton] (2.30)
As expected, the SUSY-breaking contributions are universal for all scalar fields. Given the Kähler form (2.29) with b = 1, the spectrum (2.30) (with a vanishing bare mass m) is identical to that of the gauge fermions (2.13). The second limit we consider is the moduli dominance which leads to the mass eigenvalues
It is interesting to note that the spectrum is predicted independently of detailed form of the matter Kähler function K h . Furthermore the zero mode (n = 0) does not get SUSYbreaking effects and remains massless. These features are certainly shared with gauginos. In the approximation that SUSY-breaking effect is much smaller than the compactification scale, the mass eigenvalues of the excited modes is written by m φ n± ≃ m ψn ± F Q /2v, which is also consistent to that of KK gauginos. In the limit F S5 = 0, we have
[radion] (2.32)
The mass eigenvalues (2.32) have the same form as those of gauginos when b = 1 for the matter Kähler form. Note that the masses of the excited modes approximately agree with the moduli dominance limit. The only difference is whether the zero mode is massless or not, which mode is identified to the low-energy degree of freedom in the five-dimensional viewpoint. We thus find from the tree-level analysis of mass spectrum that b = 1 in the Kähler form (2.29) is a suitable choice for the normalization of matter multiplets. The remaining functional dependence X(S) will be fixed by loop-level consistency of theory.
Orbifolding
The analysis above has been performed for the case that corresponds to the circle compactification of the fifth dimension. It is straightforward to extend it to a compactification on the line segment. For vector multiplets, what we have to do is removing a bi-fundamental field, e.g. Q N . This procedure leads to only a four-dimensional vector multiplet as the light degrees of freedom. The gauge anomaly arising from removing Q N can be supplemented by introducing appropriate chiral fields which are charged under the G 1 and G N gauge symmetries. Effects of these 'local' fields can be neglected in the large N limit. For matter multiplets, the absence of one anti-chiral multiplet, e.g.Φ N , leaves a chiral zero mode of the fundamental representation of the diagonal subgroup G. If one chiral multiplet, e.g. Φ 1 , is removed, a zero mode is anti-fundamental representation. In these cases, suitable anomaly cancellations are also required. The gauge-invariant Lagrangian and its moduli dependences are almost same as before. For example, whenΦ N is removed, the mass eigenvalues and eigenstates are given by
The result can be obtained for the case of removing Φ 1 by exchanging Φ ↔Φ, and in a similar way for vector multiplets. The SUSY-breaking mass formulas do not change except for the expression of m n . It is, however, noted as a difference from the previous section that bare mass parameters of matter multiplets cannot be introduced unless there is a set of matter multiplets which leaves vector-like massless modes.
Quantum analysis
We have discussed SUSY-breaking effects through the moduli S and Q, and calculated the tree-level spectrum by determining the proper moduli dependences of the action. We have particularly shown that on the specific lines in the parameter space of F S and F Q , the sparticle spectra are consistent to the SUSY-breaking patterns in higher dimensions. In some cases, low-energy degrees of freedom do not receive SUSY-breaking effects and remain massless in the tree-level approximation. It is then important, e.g. for realistic model building, to include radiative corrections. In this section, we will calculate various types of one-loop corrections to gaugino and Higgs scalar masses from gauge and Yukawa interactions. In the following, the analysis will be performed in the case of the orbifold compactification.
Gaugino masses 3.1.1 Vector contribution
The first type of one-loop corrections which contribute to zero-mode gaugino masses involves vector and adjoint scalar multiplets running in the loops. Let us recall that the mass matrix of the n-th massive gauge fermions takes the form: 1) where χ n are the goldstone fermions associated with the gauge symmetry breaking. The eigenvalues m λ n± of this matrix were given by (2.11) and the mixing angle between λ n and χ n upon the diagonalization satisfies
At the component level, there are two types of one-loop diagrams for the gaugino two-point function, which come from gauge fields and adjoint scalars, respectively, 4) where p is the four-momentum of the external gaugino line and C 2 (G) is the quadratic Casimir for the adjoint representation of the gauge group G. With the introduction of a ultraviolet cutoff Λ, the divergence parts are calculated as
These divergences should be renormalized by appropriate counter terms. Note in particular that the total one-loop divergent correction to gaugino mass becomes
It is interesting that since this total mass divergence is proportional to F S5 , there appears no ultraviolet divergence in the limit of the radius modulus SUSY breaking. This is indeed a consistent result and will be discussed in detail later on. On the other hand, the divergences generally appear in other cases, for example, in the dilaton/moduli dominant cases. The finite part of the gauge field correction I gauge is given by
We have used an approximation that the zero-mode gaugino mass, i.e. the SUSY-breaking mass scale is much smaller than KK masses. The finite correction from I adj can also be estimated in a similar way and is found to be − 1 2 I fin gauge . We thus obtain the zero-mode gaugino mass up to one-loop level,
The four-dimensional effective gauge coupling g 4 is defined in (2.8) . One can find two important points from this expression of one-loop gaugino masses. Firstly, the radiative correction is proportional to F T but not F S . This fact seems to agree with a result of the string-inspired supergravity models [10] . There one-loop corrections to gaugino masses arise from string threshold corrections or effects of bulk fields, and are specified by the modulus field T . The second point is that the size of one-loop correction is controlled by the gauge beta function of heavy fields. This fact coincides with the spectrum of Ref. [13] which is determined by wavefunction renormalizations from vector messengers [14] . The dependence on beta-function coefficients also appears in the supergravity models.
Matter contribution
Consider one-loop contribution to gaugino masses from matter multiplets. With the mass splitting between matter fermions and sfermions, the one-loop correction to the gaugino twopoint function is evaluated as
where T 2 (R) is the quadratic Dynkin index for the representation R of the unbroken gauge group G. The scalar mass eigenvalues m φ n± are given in Eq. (2.28) with Γ = 1/4 (see the discussions in Sections 2.2.2 and 2.2.3). The divergent part of (3.10) is given by (3.11) Note that this is a supersymmetric correction. There is no divergence to gaugino masses from matter multiplets since only scalar components receive SUSY-breaking masses. In other words, the loop integrals converge if the scalar propagators are expanded with respect to SUSY-breaking VEVs. As for the finite part, we obtain
One can see that as in the vector case, the matter contribution is controlled by the modulus T . After all, the total amount of mass corrections is read from (3.9) and (3.12) , and the gaugino mass up to one-loop level is given by
The radiative correction is proportional to F T and the gauge beta function of heavy supermultiplets.
Higgs masses
Next we study one-loop radiative corrections to masses of Higgs scalars. Having the large top Yukawa coupling in mind, the corrections from various types of large Yukawa couplings will be investigate in detail. Gauge corrections can be estimated in a similar way and give qualitatively similar results. In the numerical evaluations, we will focus on the three special limits discussed in Section 2, and find that all types of radiative corrections to Higgs masses are consistent with the expected SUSY-breaking patterns. In particular, the corrections become ultraviolet finite in the limit of the radius modulus SUSY breaking. (We have already found in the previous section the same result for gaugino masses [see (3.7) ].) The compactificationscale dependence of radiative corrections is another important factor to be examined. We will show that its quantitative behavior is also properly taken into account in our framework.
Bulk-Brane-Brane couplings
Let us study the radiative corrections from Yukawa couplings involving KK modes of matter fields. The first case we consider is a Yukawa coupling among one 'bulk' field and two 'brane' fields. Suppose that L i (i = 1, · · · , N) andL j (j = 1, · · · , N − 1) are introduced as bulk matter multiplets as described in Section 2.2 and e as a chiral superfield charged only under G 1 (wouldbe a localized field on a brane in the five-dimensional point of view). The transformation properties are listed below; (3.14) In addition to the tree-level matter Lagrangian (2.17), we have a gauge-invariant Yukawa term among L 1 , e and the Higgs field H. Other gauge invariant couplings may be forbidden by symmetry arguments, for example, an invariance under e → −e and H → −H. The resultant superpotential is written in terms of the mass eigenstates of L's defined in Section 2; 15) where m Ln are the KK masses (2.22), and η L n denotes the mixing between L 1 and the mass eigenstate L n . Its explicit form has been derived in Section 2.3:
Eliminating the matter auxiliary fields from the Lagrangian (2.17) and (3.15) leads to (3.17) where ψ X means the spinor component of a chiral multiplet X. The sfermion fields with primes are the mass eigenstates which completely diagonalize the mass matrix involving SUSYbreaking effects,
It is important to notice that in deriving the Lagrangian (3.17), we have fixed the normalization function K h for matter multiplets as
. As will be seen below, this form of VEV is required for the model to be consistent at a quantum level. Together with Eq. (2.29), we obtain
with an arbitrary constant c. With these matter-Higgs interactions at hand, we have three types of diagrams which contribute to the Higgs mass corrections. Each diagram involves an interaction in the Lagrangian (3.17): (1) Yukawa couplings with the fermions running in the loop, (2) sfermion-Higgs quartic couplings, and (3) sfermion-Higgs trilinear couplings. These contributions to the Higgs two-point function become
20)
The sfermion mass eigenvalues m 2 L n± are given by (2.28). We show in Fig. 1 the total one-loop correction I = I
(1) +I (2) +I (3) . The horizontal axis denotes the momentum cutoff Λ normalized by the compactification scale. We particularly focus on the three limits of the SUSY-breaking order parameters which were presented in Table 1 . It is found from the figure that the loop correction is independent of the momentum cutoff and becomes finite in the limit of the radius modulus breaking (bold line). On the other hand, in the dilaton/moduli dominance scenarios (dashed/solid lines), the corrections linearly depend on Λ. This behavior is understood as the number of KK modes running around the loop. That is, the KK modes whose masses are below the momentum cutoff can contribute to the radiative corrections. In these three limited cases, the structures of radiative corrections are consistent with the results which have been obtained in the literature. The finite result for the Higgs mass is analytically understood by noting that, in the limit F S5 / S 5 = F S / S + F T / T = 0, the total correction I is simply summarized as
The first term in the integrand represents the fermionic contribution and the second one the bosonic contribution. The ultraviolet finiteness of this type of momentum integral will be discussed in Section 5.
Bulk-Bulk-Brane couplings
In a similar way, we calculate one-loop Higgs masses from bulk-bulk-brane type Yukawa couplings. In this case, the matter multiplets L i (L i ) and e j (ē j ) are charged under the G gauge symmetry, and the Higgs H is introduced as a singlet field. To implement the orbifold projection, L N andē 1 are removed from the spectrum. The transformation properties of these fields are given by
The superpotential terms for masses and Yukawa couplings are written in the mass eigenstate basis defined in a similar fashion to (3.18) ,
m en e n ē n . (3.25)
Notice that we have introduced only one type of Yukawa term yL 1 e 1 H. This is analogous to the fact that a bulk Yukawa coupling is not consistent with symmetries of five-dimensional supersymmetric theories. In the present four-dimensional model, other gauge-invariant Yukawa terms can be forbidden by some discrete symmetry, as already done for the bulk-brane-brane type Yukawa terms. Integrating out the matter multiplet F terms, we obtain the following interaction terms (3.26) With this Lagrangian, the diagrams of loop corrections to the Higgs mass are similar to those in the previous section: (1) Yukawa couplings to the Higgs, (2) sfermion-Higgs quartic couplings, and (3) sfermion-Higgs trilinear couplings. Each contribution is given by
27)
28)
The total loop correction
is plotted for several cases in Fig. 2 , where the Yukawa coupling constant y is taken to be 1, as an example. One can see that the cutoff dependences of the loop correction have similar behaviors as in the previous section; I is insensitive to the momentum cutoff Λ for the radius modulus SUSY breaking, while I is cutoff-dependent (roughly proportional to Λ 2 ) for the other cases, which dependence is interpreted as the number of KK modes circulating in the loops.
Bulk-Bulk-Bulk couplings
Finally we consider the case that all L, e and H are introduced as bulk multiplets, and examine radiative corrections to the massless Higgs scalar. Suppose that corrections come from the superpotential Yukawa coupling L 1 e 1 H 1 and other Yukawa terms are absent. Thus the situation seems to be similar to the bulk-bulk-brane Yukawa case in Section 3.2.2, except for an overall rescaling of Yukawa couplings. However we now have an additional scalar 3-point vertex which is a cross term generated by integrating out the F component of Higgs multiplet,
Other couplings of the Higgs zero mode are modified only by the rescaling with the wavefunctions η H,H 0 = 1/ √ N , which does not cause any qualitative changes to mass corrections. While the corrections induced by the vertex (3.30) are generally divergent logarithmically, no qualitative change is found for the supergravity SUSY-breaking models, compared to the bulk-bulk-brane Yukawa case. On the other hand, one might wonder that the vertex (3.30) gives rise to a cutoff-dependent contribution for the radius modulus breaking where even logarithmic divergences are vanishing. However, it is found from the matter Kähler form (3.19) that the vertex (3.30) leads to the interactions of the Higgs n = 0 modes
η e l e l + h.c., (3.31) in the F S5 = 0 limit. Therefore the coupling of the Higgs massless mode of (3.30) is vanishing, independently of which of the Higgs fields H andH contain the zero mode. As a result, the radiative corrections from bulk-bulk-bulk Yukawa couplings are qualitatively unchanged from the bulk-bulk-brane Yukawa case in the previous section.
Radius dependence
We have analyzed the momentum cutoff dependence of the radiative corrections. As another important factor, let us examine how the loop corrections to scalar masses depend on the compactification radius R of the fifth dimension. Consider for example the correction from a bulk-brane-brane type Yukawa coupling. When all the parameters except for R are fixed, the following R dependences of one-loop corrections to scalar masses are expected;
These behaviors can be understood as follows. In the dilaton dominant case, the R 1 behavior is interpreted as the number of KK modes (≃ ΛR) propagating in loop diagrams. In the moduli dominant case, we have an R 3 factor from the number of KK modes (R 1 ) and SUSY-breaking
. On the other hand, the radiative corrections to Higgs masses are expected to behave like R −2 in the radius modulus breaking. This is because the radius modulus breaking is equivalent to the boundary condition breaking of supersymmetry [16] and hence quadratic divergences are cut off by the compactification scale due to the locality in the extra dimension.
In Fig. 3 , we show the radius dependences of the scalar mass correction from bulk-branebrane Yukawa couplings (Section 3.2.1). The horizontal axis denotes the size of R and the vertical one the magnitudes of one-loop corrections. In the figure, R is taken to be within the regime 1 < ΛR < 10 (Λ is the momentum cutoff). The upper bound comes from the fact that finite scalar masses are realized in the region Λ ≪ v and the lower bound from the requirement that at least one KK mode runs around the loop. One can see from the figure that the expected results (3.32)-(3.34) are certainly reproduced in our model. The radius dependences of the radiative correction to the Higgs mass. The horizontal axis means the compactification radius (normalized by the ultraviolet cutoff) and the vertical one the magnitudes of the correction. The dashed, solid, and bold lines correspond to the dilaton dominance, the moduli dominance, and the radius modulus breaking, respectively. The parameters are same as in Figure 1 .
Summarizing Section 3, we have explicitly calculated one-loop radiative corrections to gaugino and Higgs scalar masses. The one-loop gaugino masses are proportional to the gauge beta function of heavy fields and also to the modulus auxiliary VEV F T . This seems to be a consistent result with the predictions of the string-inspired supergravity models. It is also important that the divergent corrections to gaugino masses vanish in the limit of the radius modulus SUSY breaking. For the Higgs mass, we have evaluated one-loop contributions from various types of Yukawa interactions. We have particularly found that in the limit of the radius modulus SUSY breaking, the corrections are insensitive to the ultraviolet cutoff of momentum integrals, while those related to the supergravity models depend linearly or quadratically on the cutoff scale. In addition, the radius R dependence of the Higgs mass has been studied. There we have found that even for a finite number of gauge groups, that is, with finite KK modes included, the consistent behaviors emerge in the certain regions of modulus F terms.
Finiteness of radiative corrections 4.1 Large N
We have observed by examining the cutoff and compactification scale dependences that finite radiative corrections appear in the limit of the radius modulus breaking even for a finite number of gauge groups (i.e. finite KK modes). In continuous five-dimensional theory, radiative corrections to Higgs masses are found to become finite if one adopts SUSY breaking with boundary conditions [17] . In this case, it is important to include an infinitely large number of KK modes in summing up loop corrections while preserving five-dimensional supersymmetry. In other words, if one includes the effects of KK modes which are sufficiently heavier than the momentum cutoff, the locality in the extra dimension is recovered [18] . In our model, that is interpreted as involving a large number of gauge groups or taking a lower four-dimensional cutoff. For example, for N = 200, loop corrections become cutoff independent in the regime ΛR < 15, while the cutoff insensitivity cannot be seen for N = 10. However we here want to stress that to have finite corrections is not the main point of this work because we only deal with a four-dimensional theory. (For an approach to cutoff-insensitive Higgs masses in product-group gauge theories, see [19] .)
In this subsection, we analytically clarify the high-energy behavior of radiative corrections to Higgs scalar masses, especially focusing on the insensitivity to the momentum cutoff. Passing to Euclidean momenta, consider the following typical form of radiative corrections to Higgs masses from bosonic and fermionic KK modes: 1) where the factor 2 in I f has been introduced so that the boson and fermion degrees of freedom are equal. This type of corrections appears, for example, due to Yukawa couplings between bulk matter multiplets and a boundary Higgs field. In fact, we have already encountered it in Eq. (3.23) . (That is a reason we have written the coupling as y in the above equations.) A similar analysis can also be performed for gauge interactions. We treat these momentum integrals with the proper-time regularization and then obtain for I b 2) and a similar expression for I f . An important point is that the integration and summation can be safely exchanged if one introduces a ultraviolet momentum cutoff Λ and truncates the KK-mode sum at a finite level. Note that the model in this paper naturally contains a finite number of KK modes. Thus we find
To see the cutoff dependence of radiative corrections, we examine the beta functions in the sense of Wilsonian renormalization-group equations:
Since we are now interested in a particular relation between finite radiative corrections and the radius modulus breaking, it is appropriate to take a large N limit (the five-dimensional limit) in analyzing the corrections. In this limit, the results in Section 2 show that bosonic and fermionic KK modes have the following form of tree-level mass eigenvalues 6) which is valid for vector and matter multiplets up to the second order of F 's (or exact in the dilaton/radius modulus SUSY-breaking cases). With this mass splitting, we show in Fig. 4 the differences between the beta function coefficients ǫ b and ǫ f , i.e. the cutoff dependences of the radiative corrections for the three typical cases. It is clearly seen from the figure that the The cutoff dependences of radiative corrections in the large N limit. The horizontal axis denotes the cutoff scale and the vertical one the difference between ǫ b and ǫ f . We take F S / S and/or F T / T = 1/10R in the figure. The dashed, solid, and bold lines correspond to the dilaton-, moduli-dominant, and the radius modulus SUSY breaking, respectively.
cutoff dependences are rather different to each other, in particular, the ultraviolet divergence is highly suppressed in the radius modulus breaking case. The dilaton and moduli SUSY breaking have a similar behavior for a large value of the cutoff scale Λ. This is because in these cases the corrections are proportional to the number of KK modes, as mentioned previously.
To analytically study these divergence properties, we estimate the contributions by use of the Poisson formula and obtain
As can be seen in this expression, for a large value of ΛR, the zero-mode contributions dominate due to the exponential dumping factors. If assumed that the SUSY-breaking scale is much lower than the compactification radius, the zero-mode contribution approximately gives
The Λ −1 dependence of (4.9) implies linearly-divergent corrections to Higgs masses. It can be seen from (4.9) that in the radius modulus breaking case where F S5 ∝ (F S / S + F T / T ) = 0, the radiative corrections become cutoff insensitive and therefore finite results follow. On the other hand, the dilaton/moduli dominant cases generally have divergent corrections proportional to ΛR.
Boundary condition breaking
In continuum five-dimensional theories, it is known that supersymmetry breaking with boundary conditions gives finite radiative corrections to scalar soft masses [17] . This is partly because supersymmetry is broken globally in the bulk and hence the breaking effect is cut off by the size of the extra dimension. On the other hand, in the present four-dimensional model, the finiteness is achieved on a specific line of the SUSY-breaking parameter space. We will show how these two cases are related. To this end, we formulate the 'boundary' condition breaking of supersymmetry in out setup and examine whether the resulting spectrum matches to that of the radius modulus breaking (F S5 = 0). If these two spectra are found to be equivalent, they may be transformed to each other by unitary transformation, which gives a support that radiative corrections are ultraviolet finite.
Without twists
Before discussing the boundary condition breaking, it is useful to remind how to compactify the latticized extra dimensions. To begin with, suppose that there are an infinite number of gauge groups and corresponding matter fields. Compactifying physical space is performed with the identification of indices under i → i + N, which is interpreted as a coordinate translation in the extra dimension. On the other hand, the identification on the field space, i.e. boundary conditions under this translation is given by Φ i+N ≡ Φ i . These procedures result in leaving the N copies of gauge groups and matter fields as physical degrees of freedom. The identification on the field space is clearly seen by recombining the fields as 10) where ω k ≡ e 2πk N i , which is just the Fourier mode expansion in the continuum limit. Note that there are only finite numbers of mass eigenstates Φ k , because the model comes back to higher dimensions only in the large N limit. At this stage, it is straightforward to include various types of twisted boundary conditions. In what follows, we will study a specific case which is related to the radius modulus breaking of supersymmetry.
SU(2) twist
Along the line discussed above, we demonstrate the twisted boundary condition for vector multiplets as an illustrative example. The field content we consider is given by Table (2.1) except that we now have an infinite numbers of gauge groups and Q fields. In particular, there are two types of spinors λ and χ for every gauge group. The identification of physical space is the same as the above untwisted case. A new ingredient now introduced is the boundary condition on the field space. Let us consider the following SU(2) twist upon the identification of field space; 11) where σ a are the Pauli's matrices. The parameters θ a will turn out to be SUSY-breaking order parameters. The mass matrix of these spinor fields must be consistent with this identification and therefore takes the form (for small θ a )
14)
The M 0 part denotes the mass matrix for untwisted fields, whose eigenvalues are given by (2.4) . On the other hand, δM arises due to the twisting boundary condition (4.11) . These mass terms become the kinetic energy along the extra dimension if one takes the continuum limit. Let us diagonalize the mass matrix by perturbation theory with respect to θ a . The eigenvalues and eigenmodes of the unperturbed matrix M 0 are given by
The irrelevant overall phases factors have been absorbed into field redefinition. In perturbation theory, the nonzero matrix elements of δM linear in θ's are 16) and then the eigenvalues at the first order become
The first term on the right-handed side means the KK masses and therefore the second one is interpreted as SUSY-breaking effect. For example, in the case that θ 1 , θ 2 = 0 and θ 3 = 0, the mass eigenvalues for the low-lying modes (k ≪ N) read 18) where the SUSY-breaking order parameter is identified as F T ≡ 2(iθ 1 + θ 2 ). This is indeed the spectrum that is given by the radius modulus breaking (2.15) . Therefore the finiteness property of radiative corrections in this case is now understood. For θ 3 = 0, a half of supersymmetry in five dimensions is left unbroken, namely, a linear combination of the zero-mode gauge fermions is massless, which composes a four-dimensional massless vector multiplet together with the gauge boson zero mode. When θ 3 is turned on as well as θ 1,2 , the remaining N = 1 supersymmetry is broken. This corresponds to applying the twisted boundary condition with a U(1) rotation which does not commute with the N = 1 supersymmetry.
It may be interesting to rewrite the mass term (4.12) in terms of the fields with untwisted boundary conditions. We consider for simplicity the twisting with σ 2 . It is straightforward to generalize the following result to the cases with generic types of twisting. Let us redefine the spinor fields as λ j χ j = e It can be easily checked that the fields with primes satisfy the untwisted boundary condition under the translation j → j + N, (4.20) Almost all terms in the Lagrangian are invariant under this field redefinition, while the mass term (4.12) is not. This means the kinetic term along the fifth dimension is not invariant under the coordinate-dependent phase rotation. In the basis of λ ′ and χ ′ , the mass matrix becomes for small θ, Diagonalizing this matrix should lead to the eigenvalues (4.18) with θ 1 = 0. The first term in the right-handed side is the kinetic energy term along the fifth dimension. The second and third terms can be interpreted as the mass terms which come from a VEV of extra component of gauge field [20] . That is, these three terms together make up the covariant derivative of the spinor fields. It was shown [16] that the radius modulus breaking of supersymmetry is equivalent to the Wilson line breaking, proving that a VEV of the extra component of graviphoton field generates SUSY breaking in the five-dimensional off-shell supergravity (as seen in the second and third terms in the above). The present analysis makes it clear from a four-dimensional viewpoint that the relevant VEV is that of the modulus Q (F Q ∝ F T ).
Summary
In this paper, we have formulated four-dimensional SUSY breaking in product-group gauge theories. The model contains several modulus fields corresponding to the dilaton and the radion. The modulus fields satisfy the specific relations suggested by some correspondences to higher-dimensional physics. From these, the relations are extracted for the F -component VEVs of modulus fields. The non-trivial moduli dependences of the action have also been determined. We have shown that at intermediate energy regime, the mass spectra of typical SUSY breaking scenarios (the dilaton/moduli dominance and the radius modulus breaking) appear in the corresponding limits on the space of SUSY-breaking order parameters. We have calculated in detail the gaugino and Higgs scalar masses up to one-loop level. Our results seem to be consistent with various aspects of bulk SUSY breaking, e.g. the string-inspired supergravity models. The cutoff dependences of loop corrections have been investigated in detail. We have calculated the gaugino and Higgs mass corrections from various types of gauge and Yukawa couplings. In particular, we have shown that the insensitivity to ultraviolet cutoff emerges for the radius modulus breaking case. However, for other cases, the spectrum depends linearly or quadratically on the momentum cutoff. This can be understood as the number of KK modes running in the loop diagrams. The compactification radius dependence of the one-loop mass spectrum has also been studied.
The finiteness property of radiative corrections has been examined from several different viewpoints. In particular, we have formulated in our setup the boundary condition breaking of supersymmetry (or the Hosotani mechanism) and shown that the spectrum indeed agrees with that of the radius modulus breaking case. This result indicates that the obtained finite corrections are due to the global breaking of symmetries in the bulk.
While, in this work, we have focused on the special limits corresponding to higher-dimensional SUSY breaking, it will be interesting to investigate other regions of modulus F terms. Such a generic pattern of F terms might induce sparticle mass spectra not yet explored in the literature. It is also possible to extend the present analysis to include brane matter which is interpreted as being charged under one of the gauge groups G i 's. The SUSY-breaking masses of this type of fields depend on whether they can couple to the moduli S and Q. However there seems to be, in general, few principles to fix modulus couplings of brane fields, and the couplings would also depend on more fundamental theories. The presence of brane fields may be useful to generate Yukawa hierarchy of quarks and leptons. Explicit four-dimensional model construction along this line leads concrete predictions of (super) particle spectrum, compared to those of other models. The model parameters might then be constrained by clarifying spectrum and applying it to supersymmetric standard models, etc. We leave such phenomenological analyses to future work.
